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1 Examples, Dimension, and Irreducibility of Sλ

1.1 Examples of Sλ

Let t be a tabloid, and consider C 〈σ · et : σ ∈ Sn〉 = Sλ.

Example 1.1. Let λ = (n). There is a single poly-tabloid,

1 2 3 · · · n

Sn acts trivially on this, so S(n) = 1.

Example 1.2. Let λ = (1n). The poly-tabloids correspond to permutations:

σ 7→
σ(1)

σ(2)

...

σ(n)

Let
∑

σ∈Sn
sign(σ)σ = X ∈ C[Sn]. Then π · X = sign(π)X .

Example 1.3. Let νk = (n − k, 1k). Then Mνk = indSn
Sn−k×1×···×1 1. The dimension is

dim(Mνk) = n!/(n− k)!. What is Sνk? Permutations do not act on the columns, but they
permute the elements in the first column. Let v =

∑
σ∈Sk+1

sign(σ)σ. What is π · v = w?

In general C 〈πet〉 will be a representation of Sn.

Example 1.4. Let λ = (2, 2). Let

t =
1 2

3 4

1



Then

v = 1 2

3 4
+ 3 2

2 4
− 1 4

4 2
+ 3 4

1 2

Then (1 2)v = v and (3 4)v = v. We can also calculate

(3 4)v =
1 3

2 4
+

2 3

1 4
− 1 4

2 3
+

2 4

1 3
:= w.

Then Mµ is a 2-dimensional vector space spanned by v, w.

1.2 Dimension and irreducibility of Sλ

Lemma 1.1. Let Sλ be as above.

1. dim(Sλ) = fλ = # SYT(λ).

2. n! ≤
∑

λ(fλ)2, where equality holds iff Sλ is irreducible for each λ.

Definition 1.1. The dominance order on partitions is the partial order λ E µ if λ1 +
· · ·+ λk ≥ µ1 + · · ·+ µk for all k.

We had that Mλ =
⊕

µEλmλ,µS
µ. The proof of the inequality in the 2nd statement

comes from this fact.
How should we prove the equality in statement 2 of the lemma? Suppose G is a finite

group. We have both a left and a right action of G � C[G]. This gives us a G × G
representation,

⊕
π π ⊗ π, where the sum is over all irreducible representations. We want

to view this equation as n! being the order of the group, and the (fλ)2 terms being the
tensor product of two irreducible representations. It is hard to do this in general, but it
will work in the symmetric group. This is called the RSK correspondence.
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